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Abstract 

We study non-trivial deformations of the natural action of the Lie algebra Vect(R") on 
the space of differential forms on M". We calculate abstractions for integrability of in- 
finitesimal multi-parameter deformations and determine the commutative associative 
algebra corresponding to the miniversal deformation in the sense of 

1 Introduction 

The Lie algebra Vect(M) of vector fields on a smooth manifold M naturally acts on the 
space rt{M) of differential forms on M. Our goal is to study deformations of this action. 

In this paper we restrict ourselves to the case M = M" with n > 2, and consider only 
those deformations which are given by differentiable maps. We will use the framework 
of Fialowski-Fuchs |3] (see also [J) and consider (multi-parameter) deformations over 
commutative associative algebras. We will construct the miniversal deformation of Lie 
derivative and define the commutative associative algebra related to this deformation. 

The first step of any approach to the deformation theory consists in the study of 
infinitesimal deformations. According to Nijenhuis-Richardson infinitesimal deforma- 
tions are classified by the first cohomology space -ff^(Vect(M); End(r2(M))), while the 
obstructions for integrability of infinitesimal deformations belong to the second cohomo- 
logy space i?^(Vect(M); End(r2(M))). The first space was calculated in 0; our task, 
therefore, is to calculate the obstructions. 

We will prove that all the multi-parameter deformations of the Lie derivative are, in fact, 
infinitesimal, that is of first-order in the parameters of deformation. The parameters have 
to satisfy a system of quadratic relations; this defines interesting commutative algebra. 
We will give concrete explicit examples of the deformed Lie derivatives. 

We mention that a similar problem was considered in ^ for the case of symmetric con- 
travariant tensor fields instead of differential forms. In [7||H] a slightly different approach 
was used for deformations of embeddings of Lie algebras. 
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2 The main definitions 

In this section we introduce the algebra 2?(r2(M")) of linear differential operators on the 
space of differential forms on M". The Lie algebra Vect(M") has a natural embedding into 
!D(r2(M")) given by the Lie derivative. We then describe the first cohomology space of 
Vect(R") with coefficients in P(J7(M")). 

2.1 Differential operators acting on differential forms 

The space of differential forms has a natural (i.e. Vect(M'^)-invariant) grading 



fc=o 

where r2'^(M") is the space of differential fc-forms. Let 0;}-''(M") be the space of compactly 
supported (n — /c)-forms, there is a pairing 



so that J7;j-'=(M") c {Q'^iR''))*. 

The space of differential operators on r2(M") is an associative algebra. As a Vect(M")- 
module, it is split into a direct sum of subspaces 

p'^'^ = p(17'=(M"),17^(M")) 
with k < £ < n. Obviously, one has a natural embedding P'^'^ C 17^(M") (g> (l^'=(M"))*. 

2.2 The Lie derivative 

We introduce the notations that will be useful for computations. We denote the covector 
dx^. A differential A;- form can be written 



and are odd variables, i.e., ^^^^ = —^■'C- The Lie derivative Lx along a vector field X 
is given by the differential operator on r2(M") 



understood. 

2.3 The first cohomology space 

In the case n > 2, the first cohomology space of Vect(M") with coefficients in D^'^ was 
calculated in f3 . The result is as follows 



n 



(2.1) 





i = k 



i/nVect(M");P'='0 



= < 







i = k + l, 
i = k + 2, 
otherwise. 



(2.3) 
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In the case £ = k, this space is generated by the cohomology class of the 1-cocycle 

Co{X) = Div(X), (2.4) 

where X is a vector field and Div(X) is the divergence of X with respect to the standard 
volume form on M". 

In the case £ = k + 1, there are two non-trivial cohomology classes corresponding to 
the 1-cocycles 

Ci {X) = do Div(X) , Ci (X) = Div(X) o d, (2.5) 

where d is the de Rham differential. 

Finally, in the case i = k + 2, the cohomology space is spanned by the class of the 
1-cocycle 

C2(X) = (ioDiv(X) od. (2.6) 

Definition 2.1. We denote G -pk^k+i ^j^^ cocycle Q (and Ci) restricted to n^{W): 

Cf(X) :a(X) h.(Kn), i = 0,1,2. (2.7) 

Note that these elements of Z^(Vect{W"');^{W^)) are linearly independent for every k = 
0, . . . ,n — i. 



3 The general framework 

In this section we define deformations of Lie algebra homomorphisms and introduce the 
notion of miniversal deformations over commutative algebras. 



3.1 Infinitesimal deformations 

Let po '■ Q ^ End{V) be an action of a Lie algebra g on a vector space V. When studying 
deformations of the g-action p, one usually starts with infinitesimal deformations: 

p = Po + tC, 

where C : q ^ End(y) is a linear map and t is a formal parameter. The homomorphism 
condition 

[p{x),p{y)] = p{[x,y]), 

where x,y E g, is satisfied in order 1 in t if and only if C is a 1-cocycle. The first 
cohomology space -ff^(g; End(F)) classifies infinitesimal deformations up to equivalence 
(see, e.g., 010). 

In the case when this space of cohomology is multi-dimensional, it is natural to con- 
sider multi-parameter deformations. If dimi?^(g; End(y)) = m, then choose 1-cocycles 
Ci, . . . , Cm representing a basis of H^{q; End{V)) and consider the infinitesimal deforma- 
tion 

m 

P = Po + ^tiCi, (3.1) 

i=l 

with independent parameters ti, . . . ,tm- 
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In our study, the first cohomology space is determined by the formula (|2.3j) . An infinites- 

(1) 

X ' 



imal deformation of the Vect(M"')-action on r2(M"') is then of the form Cx = Lx + C^^^ 



where Lx is the Lie derivative of differential forms along the vector field X, and 

n n—1 n—2 



^(1) _ 

A;=0 fc=0 " A:=0 



t^x = E^oC^o W + E [t\Cl{X) +TlCl{X)) + (3.2) 



and where t^, ti, and 4n independent parameters and the cocycles Cg, C^, Ci 

and 6*2 are defined by formulae H2.4|) - H2.6|) . 

3.2 Integrability conditions and deformations 
over commutative algebras 

Consider the problem of integrability of infinitesimal deformations. Starting with the 
infinitesimal deformation (|3.1j) . one looks for a formal series 

m 

P = Po + ^Ud + Y^ ktjpf^ + • • • , (3.3) 

i=l i,j 

where the highest-order terms p\- , p-jj^, . . . are linear maps from q to End(y) such that 

p:g^End(y)®C[[ti,...,t„]] 

satisfy the homomorphism condition in any order in ti, . . . ,tm- 

However, quite often the above problem has no solution. Following 3 and ,1 , we 
will impose extra algebraic relations on the parameters ti, . . . ,tm- Let TZ be an ideal in 
C[[ti, . . . , tm]] generated by some set of relations, the quotient 

A = C[[h,...,trr,]]/n (3.4) 

is a commutative associative algebra with unity, and one can speak of a deformations with 
base A, see [Sj for details. The map (|3.3jl sends g to End(y) (g) A. 

Example 3.1. Consider the ideal TZ generated by all the quadratic monomials titj. In 
this case 

^ = C e C™ (3.5) 

and any deformation is of the form (|3.1|) . In this case any infinitesimal deformation 
becomes a deformation with base A since titj = in for all i,j = 1, . . . , m. 

Given an infinitesimal deformation (|3.H) . one can always consider it as a deformation 
with base 1)3. 5() . Our aim is to find A which is big as possible, or, equivalently, we look for 
relations on ti, . . . ,tm which are necessary and sufficient for integrability (cf . [Ij ) . 
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3.3 Equivalence and the miniversal deformation 

The notion of equivalence of deformations over commutative associative algebras has been 
considered in !3 . 

Definition 3.2. Two deformations p and p' with the same base A are called equivalent 
if there exists an inner automorphism ^' of the associative algebra End(y) ® A such that 

o p = p' 

and such that ^'(I) = I, where I is the unity of the algebra End(y) (8) A. 

The following notion of miniversal deformation is fundamental. It assigns to a g-modu- 
\e V a, canonical commutative associative algebra A and a canonical deformation with 
base A. 

Definition 3.3. A deformation (|3.3|) with base A is called miniversal, if for any other 
deformation p' with base A' there exists a unique homomorphism ij) : A ^ A! satisfying 
ijj^i) = 1, such that 

p = (Id ®ij))op. 

This definition does not depend on the choice of the basis Ci, . . . , Cm- 

The miniversal deformation corresponds to the smallest ideal TZ. We refer to for 
a construction of miniversal deformations of Lie algebras and to 1^ for miniversal defor- 
mations of 0-modules. 



4 The main result 

In this section we obtain the integrability conditions for the infinitesimal deformation ()3.2() . 
The main result of this paper is the following 

Theorem 4.1. (i) The following An — A conditions 

R\{t) = t^Vl + t^+H^' = 0, /or A; = 0, . . . , n - 1, 

Rl{t) = + ti^^t^ = 0, for k = 0,...,n-2, 

^^(t) =t^+2t^'+?^+it^' = 0, for k = 0,...,n-2, 

R^{t) = t\+h^^ + t^t'^-^^ =0, for k = 0,...,n-3 (4.1) 

are necessary and sufficient for integrability of the infinitesimal deformation / t.V.jj)) . 

(a) Any formal deformation of the Vect(M") -action on il(M") is equivalent to a defor- 
mation of order 1, that is, to a deformation given by 

The commutative algebra defined by relations (|4.H) corresponds to the miniversal de- 
formation of the Lie derivative Lx- Note that the commutative algebra defined in Theo- 
rem is infinite-dimensional. 

We start the proof of Theorem l4.11 It consists in two steps. First, we compute explicitly 
the obstructions for existence of the second-order term, this will prove that relations (|4.H1 
are necessary. Second we show that under relations ()4.1|) the highest-order terms of the 
deformation can be chosen identically zero, so that relations (|4.1|1 are indeed sufficient. 
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4.1 Computing the second-order Maurer— Cartan equation 

Assume that the infinitesimal deformation (|3.2j) can be integrated to a formal deformation 

where is given by (EH and 6^ is a quadratic polynomial in t with coefficients 
in X'(r2(M")). We compute the conditions for the second-order terms C^'^\ Consider the 
quadratic terms of the homomorphism condition 

[Cx,Cy]=C^x,y]- (4.2) 

The left hand side of contains the operators from to 0'=+*(M'^), for every k = 

0, . . . , n and i = 1,2, 3. Condition ()4.2|) must be satisfied in any order of i independently. 
Collecting the terms with i = 1, one readily gets: 

Rl{thi{X,Y), 

where 71 is the bilinear skew-symmetric map from Vect(M'') to D'^-'^+i defined by 

71 (X, Y) = (Div(X)d(Div(y)) - Div(y)d(Div(X))) A . (4.3) 

The terms with i = 2 in H4.2() are as follows 

Rl{t)j2{X,Y) + Rl{t)^2{X,Y), 

where 72 and 72 are the bilinear skew-symmetric maps from Vect(M'') to D'^.'^'+2 defined 
by 

72(X, Y) = (Div(X)d(Div(y)) - Div(y)(i(Div(X))) A d (4.4) 

and 

72(X, y) = (d(Div(X)) A d(Div(y)) - d(Div(y)) A d(Dw{X))) A . (4.5) 
Finally, the terms with i = 3 in (|4.2j) are as follows 
Rl{t)js{X,Y), 

where 73 is the bilinear skew-symmetric map from Vect(M'') to defined by 

73(X, y) = (d(Div(X)) A d(Div(y)) - d(Div(y)) A d{Bw{X))) A d, (4.6) 

where the coefficients Ri{t), R2{t), R2 ^^'^ ^3 precisely the quadratic polynomial 
from (mU). 

The homomorphism condition 1)4. 2|) gives for the second-order terms the following 
(Maurer-Cartan) equation 

<5(£(2)) = -i[£W,£«l, 

where 5 is the Chevalley-Eilenberg differential and [ , ] stands for the cup-product of 1- 
cocycles, so that the right hand side of this expression is automatically a 2-cocycle. In our 
case, we obtain explicitly: 

5(/:(2)) = Rk(^t)ji + Rlit)j2 + Rlm2 + Rliths- (4.7) 

The bilinear maps 71, 72, 72 and 73 are 2-cocycles on Vect(M"). For existence of solutions 
of the equation (|4.7|) it is necessary and sufficient that the right hand side be a coboundary. 
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4.2 Obstructions for integrability 

We denote 7^ , 7I, 7I and 7I the 2-cocycles on Vect(IR") such that 

7f(x,y) = 7,(x,y)|^,(^„) 

for every X, y G Vect(R"). In order to solve the equation (|4.7|1 . we now have to study the 
cohomology classes of these 2-cocycles in i7^(Vect(M"); D^''^^*). 

Proposition 4.2. Each of the 2-cocycles: 

7?, for k = 0,...,n-l, 

72 ) 72 ) fof k = 0, . . . ,n — 2 and n > 2, 

7I, for k = 0, . . . ,n — 3 and n > 3 

define non-trivial cohomology class. Moreover, these cohomology classes are linearly inde- 
pendent. 

Proof. Assume that, for some differential 1-cohain b on Vect(M") with coefficients in 
jykyk+i^ one has = S{b). The general form of such a cochain is 

We will need the following: 

Lemma 4.3. The condition 6{b) = implies that the coefficients ^j^g 
constants. 

Proof. The condition 7^^ = 5{b) reads 

7f (X, Y) = [Lx, b{Y)] - [Ly, b{X)] - b{[X, ¥]). (4.8) 
We choose a constant vector field Y = d^i and prove that Ly(6) = 0. Indeed, one has 

{LymX) = [Ly,b{X)]-b{[Y,X]). 
Since s > 2 in the expression of b, it follows that b{Y) = 0, and thus the last equality gives 

(LymX) = [Ly,b{X)]-b{[Y,X]) - [Lx,b{Y)] = {Sb){Y,X). 

By assumption, 6b = 7^^, from the explicit formula for 7^^, see (|4.3p - (j4.6p one obtains 
-ff{Y,X) = for ah X, since Div(y) = 0. Therefore, Ly{b) = 0. 

Lemma 4.3 is proved. I 

It is now easy to check that the equation (|4.8I) has no solutions: using the formula (|2.2() . 
we see that the expressions Div(X) and Div(y) never appear in the right hand side of ()4.8() . 
This is a contradiction with the assumption = 6{b). 

Proposition 14.21 is proved. I 

Proposition 14 . 21 implies that the equation (|4.7() has solutions if and only if the quadratic 
polynomials R2{t), -^2(0 ^'^d -^3(*) vanish simultaneously. We thus proved that 

the conditions ()4.1() are, indeed, necessary. 
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4.3 Integrability conditions are sufficient 

To prove that the conditions (|4.1|) are sufficient, we will find explicitly a deformation 
of Lx, whenever the conditions H4.ll) are satisfied. The solution £(2) of g7| 

can be chosen 

identically zero. Choosing the highest-order terms C^"^^ with m > 3, also identically zero, 
one obviously obtains a deformation (which is of order 1 in t). 
Theorem 14.11 part (i) is proved. 

The solution C^'^^ of (|4.7j) is defined up to a 1-cocycle and it has been shown in [SIP 
that different choices of solutions of the Maurer-Cartan equation correspond to equiva- 
lent deformations. Thus, one can always reduce C^'^^ to zero by equivalence. Then, by 
recurrence, the highest-order terms satisfy the equation 5{C^"^^) = and can also be 
reduced to the identically zero map. This completes the proof of part (ii). 

Theorem 14. II is proved. 

5 An open problem 

It seems to be an interesting open problem to compute the full cohomology ring 
if*(Vect(M");D^'^). The only complete result here concerns the first cohomology space, 
see 0- Proposition 14 . 2 1 provides a lower bound for the dimension of the second cohomology 
space. We formulate 

Conjecture 5.1. The space of second cohomology of Vect(M"') with coefficients in the 
space of differential operators on has the following structure 

i = k + l, 
i = k + 2, 
i = k + 3, 
otherwise 

and spanned by the 2-cocycles 7^, 72, 7I and 7I given by \4-^ - i4-6\ ). 

6 A few examples of deformations 

We give some examples of deformations of the Vect(M"')-action (|2.2() on J7(R") which are 
simpler than the general case described by Theorem 14.11 

Example 6.1. The first example is a 1-parameter deformation 
Cx = Lx + tCo{X), 

that is, we put tQ = t and t^ = t^ = t2 = 0. This deformation has a geometric 
meaning. More precisely, we consider the Vect(M"')-module of (generalized) tensor fields 
Q(M") (g)coo(]gn) !Ft{R"-), where !Ft{^"') is the space of tensor densities of degree t on R". 

Example 6.2. Another simple example of a 1-parameter deformation is given by 

Cx = Lx + tC2{X). 
The geometric meaning of this deformation is not clear. 



/7^(Vect(M");P'='^) = { 



0, 
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Proposition 6.3. The above two examples are the only 1-parameter deformations of the 
form 

Cx = Lx+t (aoCo(X) + aiCi{X) + aiCi{X) + a2C2(X)) , 
that is, with = a^t, t'f = ait, t^ = ait and ^1 = ct2t for all k. 

Proof. Straightforward from the relations (|4.H) . ■ 

Example 6.4. We give an example of 3-parameter deformations in the two-dimensional 
case, i.e., for n = 2 

Cx = Lx + tl (ciix) - + t?c?(x) +¥i (clix) + , 

where tg, and t\ are independent parameters. 

One can construct a great number of examples of deformations with 3 independent 
parameters in the multi-dimensional case; it would be interesting to understand their 
geometric meaning. 
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